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Q. Introduction 
The groups that arise in topology as fundamental groups of manifolds are naturally 
described in terms of generators and relations. It is interesting to know whether a 
given group defined in this way’is isomorphic to a group of matrices over the complex 
numbers, i.e., whether it has a faithful linear representation. Qn the one hand, such 
a izpresentation makes the algebraic properties of the group more accessible. On the 
other hand, the question of the existence of such a representation of the fundamental 
group of a manifold is related to geometric questions about the manifold, for 
example whether it admits a complete Riemannian metric of constant curvature. 
Our first main result, Theorem 1 of Section 2, asserts that for any fixed integer 
t2 > 1, the property of ha\:ing a faithful representation in 5X,(C) (the group of all 
tt x n complex matrices of determinant 1) is preserved under the formation of free 
products, provided that we restrict attention to representations in which no non- 
trivial element is represented by a scalar matrix. This restriction is easily seen to be 
indispensable. 
In Section 3 we investigate the extent to which linear representability is preserved 
under a more general construction -and a natural one for fundamental groups of 
manifolds - namely the formation of free products with amalgarnated subgroups. In 
this case easy examples how that the property is not preserved in general, even if the 
amalgamated subgroup is cyclic. However, Theorem 2 of Section. 3 gives information 
in the case where the amalgamated subgroup is a maximal cyclic subgroup of each 
factor. For example, Theorem 2 implies that any group that can be built up from free 
groups by successively forming free products with amalgamatiofl in this special way 
does have a faithful representation in S&(C). 
Theo,r&m 2 implies that the fundamental groups of many 3-manifolds with 
boundary have faithful linear representations in S&(C), and therefore (since they 
have trivial center) in PSL&C) (the quotient of SL&C) by its center). This may 
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regarded as evidence that the interiors of these manifolds admit complete Rieman- 
nian metrics of constant negative curvature, for the existence of such a represen- 
tation is a necessary condition for the existence of such a met&. 
There is a partial analogy between our Theorem 2 and B. Evans’ theorem proved 
in [I]. Roughly speaking, Evans allows arbitrary cyclic amalgamated subgroups in his 
hypothesis, but in his conclusion obtains only residual finiteness, which for finitely 
generated groups is weaker than linear representability. 
The theory of free products with amalgamation is reviewed in Section 1. Here we 
give some unconventional definitions which will be used throughout he paper. Let G 
be a group. A representation (i.e., homomorphism) p : G --) St,(C) is called quite 
fai$/$~Z if p(g) is never a scalar matrix for 1 # g E G. It is called extremely faithful if 
the trace of p(g) is transcendental over the field Cl! of rational numbers whenever 
1 # g E G. A quite faithful representation is clearly faithful (i.e., injective). On the 
other hand, an extremely faithful representation is quite faithful, since the trace of a 
scalar matrix is SL,(C) has the form ~to, where o is an nth root of unity. 
These definitions, together with the definition of a free product with amal- 
gamation, will permit the reader to understand the precise statements of Theorems 1 
and 2. 
We do not distinguish between an n x it complex matrix and a linear trans- 
’ formation of C”. 
If p is a matrix representation of a group G, then for g E G, we write pii for the 
entry of p(g) in the ith row and jth column. Thus p(g)= (pii(g 
Finally, it should be remarked that in all our results the complex numbers may be 
replaced by any algebraically closed field having infinite transcendence degree over 
its prime field. This entails no significant changes in the proofs. 
c~terion fo resentability 
The main result of this section is Proposition 1.3, which gives a technical suficient 
condition for a free product with amalgamation to have a faithful linear represen- 
tation. It is the computational component of the more intuitively meaningful 
theorems of the next two sections. 
We begin with a review of the theory of free products with amalgamated 
subgroups. 
Let Gr and G2 be groups, let Hi be a subgroup of Gi, and Jet 9 : HI + Hz be an 
isomorphism. The group G obtained from the free product Gr*Gz by adding lthe 
relations e(h)= /t for all h E H, is called a free product of G1 and GZ with an 
amaPgamated subgroup. It is shown in [3], and also in [4], that the natural homor- 
phisms of the Gi into G are injective; thus Gt and G2 can be identified ‘with 
subgroups of G. Under this identification, HI and Hz are clearly identified with the 
same subgroup of G. If we call this subgroup H, the group G will be denoted by 
Gr *HG2. Of course H c 61 n G2; actually = Gr n 62, as is shown in [3]. 
’ Added in pool: Thurston has now proved this for a much larger class of 3-manifolds. 
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In the sequel we shall simply say “Let G = G1 *H G2 be a free product with 
amalgamation,” to mean that G1, Gz, Hr, Hz and $ are given as above, and the 
above constructions and identifications are understood to have been performed. 
If K is another group and pi : Gi ---, K are homomorphisms uch that pllH = p21H, 
it is clear on general-nonsense grounds that there is a unique homomorphism 
p:G-*KsuchthatplGi=pifori= 1,2. This observation will be used in the proof of 
Proposition 1.3. 
The following result will also be used. It is contained in Theorem 4.6 of [4], but we 
give a direct proof to show how elementary the result is. 
Lemma 1.1. Let G = Gz *H GZ be a free product with amalgamation. Then every 
element of G is conjugate either to an element of G1 or Gz, or to an element of the form 
g:“g:” . . l g\“g$?, whsreg~i’EGi-Hfori=1,2; l<j<l. 
Proof. Since G is generated by the subgroups G1 and G’, each element of G may be 
expressed in the form y1 l l l yn, where each yi is in Gi or Gz, and n 2 0. Let us say 
that the element “can be expresseid as a word of length n” if it has this form for a 
given n. Given g E G, let no be the smallest integer n such that some conjugate of g 
can be expressed as a word of length n. If n 0s 1 then g is conjugate to an ele:ment of 
G1 or GZ. Now assume no) 1, aud l,et go be a conjugate of g which can be expressed 
as a word of length no, say go = yi - l l yIEO. If for some i, 1s i < n, yi and y,i+i were 
both in Gi or both in G2, go could clearly be expressed as a word of length n13 - 1. By 
the minimality of no, it follows that yi and yi+l are never both in Gr or both in Gz. It 
follows in particular that no yi belongs to H. Furthermore, if yi and ynu wereboth in 
Gi or both in Gz, then yi’goyr would be expressible as a word of length no - 1, again 
contradicting the minimality of n o. Hence no is even, and go has one of the j’orms 
gyg:” . . . g\“g’:’ or g:“g:” = 9 l g:“g\“, where gi” E Gi -H for i = 1,2 and 1 c j s 2. 
But an element of the second form is obviously conjugate to one of the first form. U 
The following fact of elementary field theory will be useful. 
Lemma 1.2. The rational function field C(t), where t is an indeterminate, is isomorphic 
to a subfield of C. 
Proof. Let S be a transcendence basis for @ over Cl!. IPick an element s E S. Then 
Q(S) c C (resp. Q(S -{s}) c C) may be identified with a rational function field over 
Cl!, with the elements of S (resp. S -{s}) as indeterminates. Since S is infinite, there is 
a bijection 9 : S -(s) -+ S, which now clearly extends to an isomorphism $ : CP(S -. 
{s}) --) Q(S). Since C is algebraically closed, it contains an algebraic closure F of 
Q(S -{s}). By the uniqueness theorem for the algebraic closure, F is isomorphic to 
the algebraic closure @ of Q(S). Now s E IF8 is transcendental ovei CP(S -{.s)) and 
hence over F. Thus F(s) c C is isomorphic to a rational function field F(t), lvkx-e t is 
an indeterminate, and therefore to C(t). U 
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We need one more ingredient for the proof of Proposition 1.3. 
An element of the rational function field @(t) is called a LaurentpoZynomiaE if it has 
the form Cz _-ao aJ, where Czi E @ for all i E H, and ai = 0 for all but finitely many i. The 
degree of this Laurent polynomial is the greatest n E E - if any-such that ~ll~ #0. If 
ai = 0 for all i, the degree is defined to be -a. 
Note that the degree of a product of two Laurent polynomials is the sum of their 
degrees; and that the degree of a sum of two Laurent polynomials of different degrees 
is the greater of their two degrees. 
Proposition 1.3. Let G1 *H GZ be a free product with amalgamation ; let n be an 
integer > 1. Suppose that there exist faithful (resp. extremely faithful) representations 
pi : Gi -+ SI,,(C) (i = 1,2) such that 
(a) p’lH = p*IH, 
(b) p’(h) is a diagonal matrix for every h E H, and 
(c) p!, 1 Cd # 0 for every gE G - H, and p:,(g) # 0 for every g E G2 - H. 
Then Gt *H G2 has a faithful (resp. extremely faithful) representation i SL2(C). 
Proof. By Lemma 1.2, it is enough to show that G1 *J-J G2 has a faithful (resp. an 
extremely faithful) representation in SL,(@(t)), where t is an indeterminate. 
Consider the diagonal matrix S = (Sij)E GL,(C(t)) defined by sij = ti& Define a 
representation pl* : G1 ---) SL,(C(t)) by p’*(g)= Tp’(g)T-‘. Since p1 is faithful 
(resp. extremely faithful), so is p**. Since T is a diagonal matrix, and since 
p’(h)= p*(h) is a diagonal matrix for every h E H, we have p’*(H =P’IH =p*lH. 
Hence we may define a representation p : G1 *HG2 + Z&(t)) by PIG, = pl*, 
PIGz=P*. 
We shall prove that p is a faithful (resp. extremely faithful) representation. Since 
P ** and P* are faithful (resp. extremely faithful), it is enough to show that for any 
g E G1 *H G2 which is not conjugate to an element of G1 or G2, trace p(g) is 
transcendental over Q. We shall in fact show that for such a g, trace p(g) is 
transcendental over @. 
By Lemma 1.1, since g is not conjugate to an element of G1 or G2, it is conjugate to 
an element of the form g\“g$” l l l gi”g$“, where g, ‘*kGp-H for p=l, 2 and 
16 q s 2. We may assume that g is equal to g:” l l = g$? We claim that pii is a 
Laurent polynomial for 1~ i < n, 1 si < n; and that its degrees is =l(n - 1) if 
i = j = n, <l(n -l)ifi=n,j<n,and<l(n-l)ifi<n. 
The claim is proved by induction on Ia 1. For 2 = 1 we have g = gi”g$*‘; let us write 
gi for gi”. By the definition of pl*, we have 
But p(g) = dk&*(g2), so that 
k=l k=l 
Linear representations of amalgamated products 191 
where p$(gr), p&(gZ)E 43. Hence pii is a Laurent polynomial in this case, and its 
degree is <i - 1; in particular, it is <n - 1 if i = n, and <n - 1 if i < n. Moreover, the 
coefficient of tn-l l rn p,,(g) is ptl (g&&(gz), which by the hypothesis of the lemma is 
different from zero. Hence p,&g) has degree exactly n - 1, and the claim is proved 
for l=l. 
For I > 1, we may \ivrite g = g’g”, where 
Then 
&j(g)= i &k(,g’bkj(!f~~~ 
k=l 
By the induction hypothesis, and the case 2 = 1 which has already been proven, the 
p&g’) and pkj(g") are Laurent polynominals, whose degrees are respectively <(I - 
l)(n - 1) and <II - 1; hence pii is a Laurent polynomial of degree <l(n - 1). If 
i < n, then the p&g’) have degrees <(I - l)(n - I.) by the induction hypothesis, and so 
pii has degree <Z(n - 1). Finally, for i = j = n, we know - again by the induction 
hypothesis and the case 2 = 1 - that the degrees of p&g’) and pnn (g”) are exactly 
(I-i)(n-l)and(n - l), whereas &n (g”) has degree <n - 1 for k < n. Thus gjn,, (g) is 
the sum of one Laurent polynomial of degree Z(n - 1) and n - 1 Laurent polynomials 
of strictly lower degree; hence pnn (g) has degree exactly l(n - l), and the claim is 
established. 
NOW trace p(g) = X7= 1 pii( where by our claim pii is a Laurent polynomial whose 
degree is =l(n - 1) for i = n and <f(n - 1) for i < n. Hence trace p(g) is a L,aurent 
polynomial of degree Z(n - 1) > 0; in particular, it is transcendental over C, as 
asserted above. q 
2 
The goal of this section is to prove 
Theorem 1. Let G1 and G2 be groups that have quite-faithful (resp. extremely- 
faithful) representations in SL,(@), where n > I. Then G1 *Gz has a quite faithful 
(resp. extremely faithful) representation in SL, (C). 
Much of the difficulty in proving the two lemmas that precede the proof of 
Theorem 1 would be avoided if the groups in question were assumed to be countable. 
The arguments that are needed to prove the general form of the theorem are rather 
amusing. 
Let G be a group which has a quite-faithful (resp. extremely-faithful) 
representation in SL, (C), where n > 1. Then there exist a quite-faithful (resp. extremely 
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faithful) representation p : G + SL,(C) and a vector v EC n sucg that v is not an 
eigenvector of p(g) for any g E G - (1). 
Proof. It follows from Lemma 1.2 that there is a subfield F of Q= such that UZ is 
transcendental over F but F is isomorphic (as a field) to @. It then follows from the 
hypothesis that G has a quite (extremely; faithful representation p in SLn(F). In 
particular, we may regard p as a representation in SL,(C). 
Since @ is transcendental over F, it has infinite linear dimension as a vector space 
over F. Let xl,. . . , xn be elements of 63 that are linearly independent over F. 
Consider the vector v = (xl, . . . , x,) E C”. We must show that v is not an eigenvector 
of p(g) for any g E G -{l}. 
Assume to the contrary that v is an eigenvector of p(g) belonging to an eigenvalue 
CY. Observe that since p(g) f SL,(F) and F is algebraically closed, p(g) is conjugate 
within SLn (F) to a matrix M in Jordan canonical form: Thus p(g) = TMT-1 for some 
TE GL,(F). If B denotes the standard basis for U?, then the full eigenspace of M 
belonging to cy is spanned by a subset C of B. Hence ;he full eigenspace V of M 
belonging to Q! is spanned by TC. We must have C # B, for otherwise p(g) would be a 
scalar matrix - a contradiction since p is in any case quite faithful. Hence we may 
write C = {cl, . . . , ck) where k <: n. For 1 s i s k, set c: = TCi. Since T E SL,(F) and 
C c B, we have C: E F”. Set C: = (yil, . . . , yin), where yij E F. 
Now v is an eigenvector for p(g) belonging to cy. i.e., v E K Hence we may write 
v = IfsI rici, where ri E @ for 16 i =Z k. This means that xi = zf=l yiiri for 1 s j s n. 
Thus x1, . . . , xn belong to the F-linear subspace of @ spanned by rl, . . . , rk, which 
has dimension SF : n. This is a contradiction, since the xi were taken to be linearly 
independent over E Cl 
Lemma 2.2. Let G be a group which has a quite-faithful (resp. extremely-faithful) 
representation in St, (C), where n > 1. Then there is a quite-faithful (resp. extremely - 
faithful) representation p: G 4 SLn(C) such that PI,(g) is never zero for any g E 
G-(l). 
Proof. Again by 1.2, there is a subfield F of @, isomorphic to @, but such that @ is 
transcendental over F. It follows from 2.1 that there exist a quite faithful (resp. 
extremely-faithful) representation p” : G -+ SLn(F) and a vector v E F” such that v is 
not an eigenveccor of p”(g) for any g E G - { 1). Let {bl, . . . , bn} denote the standard 
basis for F” (and for Q=“). Choose T E (fL,(F) such that TV = b,. Then a quite- 
faithful (resp. extremely faithful) representation p1 of G in SL,(F) (and hence in 
SL,(@)) may be defined by p’(g) = Tp’(g)T-‘; and b, is not an eigenvector of p’(g) 
for any g E G - { 1). 
Now @ in particular has infinite linear dimension over F, Let ~1,. ,,. , x,--l be 
elements of @ that are linearly independent over F. Let Hc @” denote the 
hyperplane consisting of all vectors (tl, . . . , tn) such that c:Z: xiti = 0. IB 1 # g E G, 
we have p ‘(g) E SL, (F), so that p ‘(g)bn E F”. Since b, is not an eigenvector of p’(g), 
and since x1, . . . , x,-l are linearly independent, we have p ‘(g)b,& H. 
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By the definition of H we hd .# l \w b, E H. Ske b, # 0, we may extend (b,) to a basis 
{b ;, . . .y G-l, b,)}#of H. Choose b: rf M so that {Ei, . . . , bL+ b,} is a basis for C”. 
Define T’ E SL, (C) by T’bi = b: (i 6 i <’ n), T’b, = b,. Define a quite-faithful (resp. 
extremely faithful) representation v : G + SL,(C) by p(g) = T’-‘p’(g)T’. Since we 
saw that pl(g)b& H for g E G -(l), we conclude that p(g)b, does not lie in the 
subspace of @” spanned by b2, . . . , b, ; that is, pl,, (g) Z 0. 
Proof of Theorem 1. We may assume that Gr and (i32 are non-trivial groups. By 2.2, 
Gr has a quite faithful (resp. extremely faithful) representation p such that PI,(g) # 0 
whenever 1 # g E G. If T E SL,(@) is the permutation matrix that interchanges the 
first and nth standard basis vectors of @” and fixes the others, a quite-faithful (resp. 
extremely-faithful) representation p 1 : G1 + SL,(C) may be defined by p’(g) = 
Tp(g)T-‘; and we have p!,l (g)# 0 whenever 1 # g E G. Again by 2.2, there is a 
quite-faithful (resp. extremely-faithful) representation p* : 62 --j SL, (@) such that 
&g)fO wh enever 1 # g E G. 
It now follows from Proposition 1.3 that G1 * G2 has a faithful (resp. extremely 
faithful) representation. But since G1 and G2 are non-trivial, Gr * G2 has a trivial 
center; and it follows that any faithful representation of Gr * G2 is quite faithful. q 
3 
Our second main result is 
Theorem 2. There is a class VZ of groups which has the following properties. 
(1) ZE%. 
(2) The free product of any two groups in % is again in %. 
(3) For each G E Ce and each g E G -{I), there is a unique maximal cyclic subgroup 
of G containing g. 
(4) If G = G1 *H G2 is a free product with amalgamation such that H is a maxi/ma1 
cyclic subgroup of Gi for i = 1,2, and if Gl,G2 E %, then G E %. 
(5) Every group in Ce has an extremely-faithful representation in SL&C). 
The proof is at the end of this section. The following three lemmas are rather 
simple. 
Lemma 3.1. Suppose that the group G has an extremely faithful representation in 
SL&C). Then given any gee G - (11, G has an extremely faithfur’ representation 
p : G + SL&) such that p(gO) = (,’ ,($, where t E @ is transcendental over CR. 
Proof. Let p. be an extremely faithfu’l representation of G. Then the trace of &go), 
the sum of its characteristic roots, is transcendental; the product of the cha.r acteristic 
roots is i since Po(go)E SL2(@). Hence the characteristic roots of po(go) are distinct. 
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But po(gd) is conjugate in S&&C) to a matrix M in Jordan canonical form; since pO(gO) 
has distinct characteri_stic roots, M is ;t diagonal matrix. If v = TpO(go)T-‘, define an 
extremely faithful representation p of G by p(g) = Tpo(g)T-’ for all g E G. Then 
p(gO) = M. Since M is diagonal and has transcendental trace and determinant 1, i has 
where t is transcendental-. _a 
Corollaiy. A group which has an extremely faithfur representation in S&(@) is 
torsion-free (i.e., has no element of finite order > 1). 
Lemma 3.2. If tl,t2 E @ are both transcendentalover Q, then there is an automorphism 
Q! of the field @ such that CY (tl) = t2. 
Proof, Let S1 and Sz be transcendence bases for @ over Q such that ti E Ti for i F 1,2. 
Let cp : Tl+ T2 be a bijection such that 60 (tl) = t2. Then Q( Ti) may be identified with a 
rational function field over Q, with the elements of ?‘: as indeterminates. Hence cp 
extends to an isomorphism @ : Q( TI) + Q(T2). Since @ is an algebraic closure of 
Q(Ti) for i = 1 and for i = 2, the theorem on uniqueness of the algebraic closure 
- implies that @ extends to an automorphism a! of 63. 0 
A subgroup H of a group G is said to be malnormal if (gHg-‘)n H = (1) for every 
gEG-H. 
Lemma 3.3. Let G be a torsion -free group in which every element belongs to a unique 
maximal cyclic subgroup, and every abelian subgroup is cyclic. Then every maximal 
cyclic subgroup of G is malnormal. 
Proof. Let H be a maximal cyclic subgroup of G, generated by an element h. Let 
g E G be such that (gHg-‘)n H # (1). Then since H and gHgT’ are both maximal 
cyclic subgroups, the hypothesis implies that H = gHg-‘. Hence ghg-’ is either h or 
h-‘; in either case, g2 ancl h commute, and hence generate an abelian subgroup H’. 
By the hypothesis, H’ must be cyclic; and by the maximality of H, -HI = H. In 
particular, g2 E H. 
Now let H” denote the maximal cyclic subgroup containing g, which exists by 
hypothesis. Then H” is in particular a maximal cyclic subgroup containing g2. By the 
uniqueness, H” = H, so that g E H. This shows that H is malnormal. Cl 
The: next Lemma involves more subtle properties of free products with amal- 
gamation than we have used so far. A stronger result is proved in E2]; but for the 
reader’s convenience we give a proof based on the results in [4]. 
Let G1 *H G2 be a free product with amalgamation, and assumethat H is 
malnormalk G1 and G2. Then every abelian subgroup of Gr *H G2 is either cyclic or 
conjugate to a subgroup of G1 or G2. 
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Proof. By Corollary 4.9.2 of [4], a subgroup of Gi *HG& which contains no 
conjugate of a non-trivial element of G1 or Gz, is free; hence it is cyclic if it is abelian. 
Thus, by symmetry, we may assume that the given abelian subgroup A contains an 
element g f 1 of G1. If g is not conjugate to an element of H, then by Theorem 4.5 of 
[4], every element of Gi *HG2 which commutes with g is in Gi, so that A c G1. 
There remains the case in which g is conjugate to an element of H, so that we may 
assume g E H. In this case we shall eomplete the proof by showing that A c H. 
Assume that Act H, and choose a E A -H. It follows from Corollary 4,,4. I of [4], 
or from a direct argument as in the proof of our Lemma 2.1, that every element of 
G-H may be written as g(l) l . l g”‘, where each gti) is in Gi -H or Gz- H 
(1 s i s r), and gti) and gti+l) (1~ i s r) are never both in Gi -H or both in Gz - H. 
Conversely it follows from Corollary 4.4.2 of [4] that an element which may be 
written in this form, with I > 0, can never belong to h. Let us call such an expression a 
canonical form for the given element. Then a may be written in canonical form as 
&l). . . (p) . Since A is abelian, we have 
= aga-’ = a(l). . . CY(r-l)(CY(r)gLY(r)-l)Ql(r-l)-l . . . a(w, 
By symmetry we may assume thaE a(‘)~ Gi -H. Since g E H, and H is malnormal in 
Gi, we have Ly(r)ga!(r)-l E G1 -H. This implies that the above expression (*) is a 
canonical form for g, so that gti H - a contradiction. U 
The author learned the statement and proof of the following result from J. Hempel 
and J. Milnor in the Spring of 1975; it may be much older. 
Lemma 3.5. Let G be a torsion -free group whose abelian subgroups are allcyclic. Then 
all solvable subgroups of G are cyclic. 
Proof. It is enough to show that if G is itself solvable, then it is abelian. Assume to 
the contrary that G is solvable of rank it > 1. Let G = Gi, . . . , G, = (1) denote the 
commutator series of G. Set H = Gn_2, so that [H, H] = Gn-+ an abelian subgroup 
of H: We may choose (e.g., by Zorn’s lemma) a maximal abelian subgroup K of H 
containing [H, H]. By hypothesis K is infinite cyclic. Note that K is normal in H 
since K 3 [H, H]. Therefore H acts on K by conjugation; since the automorphism 
group of the infinite cyclic group K has order 2, the centralizer of K in H - i.e., the 
largest subgro-•p K’ of H that acts trivially on .K - has index at most 2 in H. 
On the other hand, we may show that K’ = K. For otherwise there would be an 
, element g E K’ -K ; then {g} u K would generate an abelian subgroup of H, properly 
containing K, and this contradicts the definition of K. Thus H contains an infinite 
cyclic subgroup K of index ~2. But up to isomorphism, the only groups that have 
infinite cyclic subgroups of index ~2 arts Z, ZX& and the infinite dihedral group. 
Since G is torsicn-free we must have H =-Z; this means that G is solvable of rank 
y1- 1, a contradiction. 
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Proof of Theorem 2. We define % to consist of all groups G 
(i) G has an 
1 # g E G, g lies in no maximal 
cyclic subgroup of G. Then we can construct an infinite sequence Ho s Ht s l l l of 
cyclic subgroups of G, where Ho is the subgroup generated by g. But then cjzO Hi is 
an abelian subgroup of G which is not finitely generated. This contradicts condition 
(ii) of the definition of %‘. 
Now suppose that g is contained in two maximal cyclicsubgroups H and H’ of G, 
generated repectively by h and k’. By condition (i), and Lemma 3.1, G has an 
extremely faithful representation p in S&(C) such that 
P(h) ( t 0 =0 ?-l ) 
for some t E @, transcendental over Q. Hence 
P(g) ( t” 0 = 0 ?-n 1 for some n E Z. 
Thus p(g) has two distinct eigenvalues, and the corresponding eigenspaces are 
spanned by the standard basis vectors of @*. Since g E H’, p(h’) commutes with p(g) 
and therefore leaves the eigenspaces of p(g) invariant. This means that p(h’) is a 
diagonal matrix, and therefore commutes with p(h). Hence h and h’ commute, and 
generate an abelian group L, which by condition (ii) is cyclic. By the maximality of H 
and H’ we have H = L = H’. This establishes property (3) of (8’. 
TO establish (4) we must first show that G = G1 *H Gz has an extremely faithful 
representation. Let h denote a generator of H. Since G1 and G2 satisfy (i), it follows 
from Lemma 3.1 that there are extremely faithful representations cri : Gi + SL#) 
(i = 1,2) such that 
&h)==(; ?ol), 
i 
where tl and t2 are transcendental over Q. By Lemma 3.2 there is an automorphism cc 
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of @ such that cy (fi) = t2. Define a super-faithful representation p1 of G1 by 
pi(g)= a(ai(g)) (i = 1,2; j = 1,2). 
Set p2 = a2. We wish to apply Proposition 1.3 with these choices of p1 and p2. 
Hypotheses (a) and (b) of 1.3 are obvious from the construction. 
To check hypothesis (c), assume for example that pii (g) = 0 for some g E Gi -H. 
Thus p’(g) is an upper triangular matrix. The group U consisting of all upper 
triangular matrices in S&(@) is solvable of rank two. Hence (p ‘)-l(U) is a solvable 
subgroup of Gi, containing g and H. Now since G1 satisfies (i), it is torsion-free by the 
Corollary to Lemma 3.1. Since G1 also satisfies (ii), it follows from Lemma 3.5 that 
the solvable subgroup (p ‘)-l(U) is cyclic. But since g E (p ‘)-l(U), H c (p l)-‘(U), 
and gti H, this contradicts the maximality of H, and we have shown that p:i (g)# 0 
whenever g E Gr - H. The proof that ~$1 (g) Z: 0 whenever g E GZ- H is entirely 
similar. Thus all the hypotheses of 1.3 hold, and it follows hat G = Gi *H G2 satisfies 
condition (i). 
It remains to show that G satisfies (ii). For i = 1,2, since Gi satisfies (ii), and since 
the class Ce has been shown to have property (3) it follows from Lemma 3.3 that H is 
malnormal in Gi. Hence by Lemma 3.4, each abelian subgroup c; G is cyclic or 
conjugate to an abelian subgroup of G1 or G2. Again invoking condition (ii) for G1 
and G2, we conclude that G satisfies (ii) as well. 
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